ON FREE RESOLUTIONS IN MULTIVARIABLE 
OPERATOR THEORY 



DEVIN C.V. GREENE 

Abstract. Let Ad be the complex polynomial ring in d variables. 
A contractive yld-module is Hilbert space Ti. equipped with an Ad 
action such that for any ^1,^2, ■■ • ,£,d ^'H, 

IkiCi + + • • • + zdU? < Uif + + • • • + UdW- 

Such objects have been shown to be useful for modeling d-tuples 
of mutually commuting operators acting on a Hilbert space. An 
example is given by , which is the Hilbert space of holomorphic 
functions on Bd = {z £ : \z\ < 1} generated by the reproducing 
kernel k{z,w) = jzr^;-^, z^w £ Bd- For a natural subcatagory 
of contractive ^^-modules, whose members are said to be pure, 
the module iJj plays the role of the free module of rank one. In 
fact, given any pure contractive ^d-module Ti, there is a "free 
resolution" , i.e. an exact sequence of the following form: 

••• Hl®Ci Hl®Co n > 0. 

For i > 1, the map $i can be viewed as a S(Ci,Ci_i)-valued weakly 
holomorphic function on Bd- {B{Ci,Ci-i) is the set of bounded 
linear operators from Ci into Ci_i.) "Localizing" the free resolution 
at a point X E Bd, one obtains a "localized complex": 

<i>3(A) 'S>2(\) ■I.i(A) 
• • • > C2 » Li > Lq. 

We shall show that the homology of this complex is isomorphic to 
the homology of the Koszul complex of the d-tuple {ip^,Lp'^, . . . , ip'^), 
where ip^ is the ith coordinate function of a Mobius transform on 
Bd such that {p{X) — 0. 

We shall also show that the set of Mobius transforms on Bd 
gives rise to a class of unitary operators on the Hilbert space iJj. 
Explicitly, if is a Mobius transform on Bd, then the map ^ > 

A) ° '^)' '^here A — ip^^{0), is a unitary operator on H^. 
We shall show that the set of such operators acts "ergodically" on 
H^, in the sense that no non-trivial invariant subspace of is 
preserved by every operator of this form. 
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1. Introduction 

Let Ad = C[zi, Z2, ■ . . , Zd] be the polynomial ring in d variables. We 
define a contractive Hilbert Ad-module to be a module Ti over Ad that 
is a Hilbert space and that has the additional property that for all 

^1,^2, ■ ■ ■ e 

fc=l k=l 

Obviously any closed submodule /C of a contractive ^-module 7i is a 
contractive ^-module. Consider the Banach space quotient 7^//C. One 
can identify this space with HQlC, and define a contractive module 
structure on it by compressing polynomials by Pneic- 

The notion of a Hilbert module was used by Arveson in [4] to rep- 
resent commuting (i-contractions of operators. Indeed, the actions of 
Zi,Z2, . . . ,Zd on H correspond to a mutually commuting d-tuple of lin- 
ear operators (71, ■ ■ ■ , ^d) by defining Zi^ — for all ^ E H. The 
contractive condition on the module H is equivalent to saying that the 
row operator (Ti T2 ■ ■ ■ Td) is contractive when seen as a map from 

d times 

, s 

H ®H ® ■ ■ ■ ®H — > H. Conversely, given a d-tuples of linear opera- 
tors (Ti, T2, . . . , Td) acting on a Hilbert space H where the components 
mutually commute and the row operator (Ti T2 ■ ■ ■ Td) is contractive, 
one can define a contractive ^^-module structure on Ti. by defining 
Zi^ = Ti^ for each ^ E H. Given a contractive ^^-module H, we call 
the d-tuple (Ti, T2, . . . , Td) the associated d-tuple ofH. 

An example of a contractive ^^-module, and one which plays an 
important role in the theory, is the following: Let ifj be the Hilbert 
space of holomorphic functions on the unit ball Bd of derived from 
the following reproducing kernel: 

(1) k{z, A) = ^— , A G Bd. 

i — {Z, A) 

The function kx : z k{z, A) is in and in fact for any ^ e H^, 

e(A) = (e, kx) . 

A contractive .4d-module structure is defined on iJj as follows: For any 
^ e Hj, p{zi, Z2,... , Zd) e Ad, p{zi, Z2,... , Zd)^ is simply the function 
p{zi,Z2,... ,Zd) multiplied by ^. The Hilbert space direct sum of n 
copies of is also a contractive Ad-^odule and can be expressed by 
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Hl®C, where C is a Hilbert space of dimension n. Note that we put no 
restrictions at this point on the cardinahty of n. For reasons that will 
soon become apparent, we call ® C the free contractive A-module 
of rank dimC. 

Another simple example of a contractive ^^-module arises as fol- 
lows: Let C{dBa) be the C*-algebra of continuous functions on the 
unit sphere in C^. Let vr : C{dBd) — > B{1C) be a ^-representation. 
Then polynomials act on /C in the natural way, and /C becomes a con- 
tractive .4d-module. Such modules are called spherical modules. 

Free and spherical contractive ^^-modules play the role of universal 
objects in the category of ^^-modules. The following result is due to 
W. Arveson ([2]). 

Theorem 1.1. LetTi he a contractive Ad-module. There exists a free 
module T , a spherical module S, and a module homomorphism U : 
T ® S — > Ti such that UU* = 1, i.e. U is a coisometry. 

A uniqueness condition also applies. First we state the following defi- 
nition: 

Definition 1.2. Let 7i be a contractive Ad-module, let J-' be a free 
module, let S be a spherical module, and let U : ® S — > TC be a 

coisometry. The triple {J-',S,U) is said to be a minimal dilation ofTi 
if the closed submodule of T (B S generated by U*7i is T ® S. 

The following theorem, a proof of which can be found in [4], states that 
any two minimal dilations are naturally isomorphic. 

Theorem 1.3. Every contractive Ad-module Ti has a minimal dila- 
tion. Furthermore, if (JF, 5, U) and (JF, 5', U') are minimal dilations, 
then there is a unitary module isomorphism V : T®S — > (BS' such 
that U = U'V. Furthermore, V has the form V ^ {ljj2 ® W) ®W' . 

In this paper, we will be concerned almost entirely with pure con- 
tractive ^d-modules. 

Definition 1.4. A contractive Ad-module H is pure if the spherical 
part of any minimal dilation is trivial. In other words, Tl is unitarily 
isomorphic to a quotient of a free module. 

There is an equivalent formulation of this definition expressed in terms 
of contractive rf-tuples of commuting operators. This equivalence fol- 
lows from the work of Arveson in [2]. 

Theorem 1.5. Let H be a contractive Ad-module, and let Ti, T2, • • • , 
be the linear operators onTi corresponding to the actions of zi, Z2, . . . ,Zd. 
Then H is pure iff 
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d 

SOT- lim Yl ^^1^^^ • • • ^inTi ■ ■ ■ T:JI = 0. 

n— >oo ' 

Let C be a Hilbert space. The free module //J ® C can be viewed 
as a space of (weakly) holomorphic C-valued functions defined on i?^. 
Indeed, if ^ G H^^C and A e S^, then ^(A) is defined to be the unique 
element of C such that for all 77 e C, 

This identification of a free module with a space of vector valued 
holomorphic functions gives us a useful way of perceiving module ho- 
momorphisms between free modules. Indeed, let T> and C be Hilbert 
spaces, and let $ : ® V — > (g) C be a module homomorphism. 
For each A e Bd, define the bounded linear operator $(A) : T> — > C by 
$(A)?7 = $(1 (S> Since $ is a homomorphism, it follows that for 

al\^ e Hj^V and A G Ba, = ^W^W- Hence $ is given by 

pointwise multiplication by the operator valued function $(A). From 
the definition, it is not difficult to show that the adjoint of $ has the 
following property: Let X E B^, and let 77 G C. Then 

(2) $*(A;a®77) = ^A«)^(A)*?7- 

As a consequence of (2), we have the following boundedness condition 
on $(A). 

||*(A)|| < ||$||, VAGSd. 

Thus the function A G 1— > $(A) is a bounded B{'D, C)-valued (weakly) 
holomorphic function on Bd. 

Let Ti be any pure contractive v4d-niodule, and let be a closed 
submodule. Using Theorem 1.5, it is not hard to show that M. is pure 
as a contractive Ad-^aodule. Using this, we can perform the follow- 
ing construction: Let 7i be a pure contractive Ad-Taodnle. Then by 
Theorem 1.1, there exists a free module J-'i and a coisometric module 
homomorphism $1 : Ti — H. Clearly ker $1 is a closed submodule 
of J-i, and by our above remarks, there exists a free module JF2 and a 
coisometric module homomorphism P : T2 — ^ ker$i. Extending the 
codomain of P, we obtain a partially isometric module homomorphism 
^2 : ^2 — ^ ^1 with range space ker$i. Continuing in this fashion, we 
obtain the following exact sequence: 
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(3) ^ ^ To n > 0, 

where J^i is free for each i. We call this a free resolution of H, and it 
is analogous to the free resolution in the theory of finitely generated 
modules over Noetherian rings. 

Each J-'i appearing in (3) has the form H'^®Ci for some Hilbert space 
Cj. If we localize to a point A G -B^, we obtain the following sequence 
of linear maps: 

(4) ... ^C^C^Co 

Since (3) is exact, it follows that (4) is a complex for each A. 

The main result of Section 2 is that the homology of (4) at is closely 
connected to the spectral properties of the rf-tuple (Ti, T2, . . . , Td) asso- 
ciated with Ti. By "spectral properties" we are refering to the spectrum 
of a tuple of operators in the sense of Taylor (cf. [15]). The following 
discussion summarizes this more precisely: For each A; e Z, let /\'^ C*^ 
be the /c-fold alternating product of C^, taken to be the trivial vector 
space when A; < 0. For each fc, let Ek = Ti. /\*^ C^. Fix an orthonor- 
mal basis {ei, 62, . . . , e^} for C^, and for each k, define the linear map 
dk : Ek — > Ek-i as follows: 

k 

dk{^ ® Cj, A • • • A e^J = {-ly+hi.^ ® A • • • A e^. A • • • A e^,. 

A straightforward calculation shows that the following sequence is a 
complex. 

(5) . E, ^ E,., ^ ^ Eo > 

What we will show in Section 2 is that 

kergfc ^ ker $^(0) 

im.dk+1 im$fc+i(0)' 

Hence the homology of (5) and that of (4) when A = are identical. 

In Section 3, we introduce the notion of a Mobius transform of a 
pure contractive ^^-module. We recall that a Mobius transform (/? on 
Bi is a bijective holomorphism from Bd onto itself. If 7i is a pure 
contractive module, and (Ti,T2, . . . ,Td) is the associated d-tuple, 
then we can define the Mobius transform (H)^ of H to be the pure 
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contractive ^d-module where the underlying Hilbert space of l-tx is the 
underlying Hilbert space of Ti, but zi,Z2, ■ ■ ■ ,Zd act as (p^, ip"^, . . . , ip'^, 
respectively, where is the ith coordinate of ip. We will show that 
there exists a unitary module isomorphism t/<^ : — > {H^)xj which 
carries the space of all functions in Hj that vanish at to the space 
of all functions that vanish at A. We will also show that the C/^'s 
act "ergodically" on in the sense that no proper nontrivial closed 
submodule of ifj is invariant under Ux for all A G B^. 

Finally, in Section 4, we use the results on Section 3 to describe the 
homology of (4) for an arbitrary A e 3^. In particular. Theorem 4.3 
states that the homology of the Koszul complex of (71)^, is equivalent 
to the localized complex (4). Hence (4) contains spectral information 
(in the sense of Taylor) of the Mobius transformation of 7i. 

2. The Koszul complex and free resolution of a 
contractive ^id-module 

In his seminal paper ([15]), J. Taylor defined the notion of invcrt- 
ibility of rf-tuples of commuting operators acting on a Banach space B. 
We will briefly summarize Taylor's construction: 

Let B be a Banach space, and let (oi, 02, . . . a^) be a d-tuple of mu- 
tually commuting bounded operators on B. For A: G Z. let /\'' be 
the A;-fold wedge product of C^, where this is taken to be the trivial 
vector space when k < 0. Let = B ^ /\^ C^. Note that E;,. can 

be viewed as an ^ ^ ^-fold direct sum of E^s, hence it is a Banach 

space itself. Fix an orthonormal basis {ei, 62, ■ ■ ■ e^} for C^. For each 
k, define dk : E^ — > E^-i by 

d 

(g) A • • • A = (-l)-'+^ai^ ®ei^^■■■ei.■■■ e^^, 

A simple computation shows that dk-idk — 0. Hence we have the 
following complex of Banach spaces. 

(6) 

, > Ea ^ Ea-i ^ ^ Eo ^ 0. 

The following is Taylor's definition of invertibility: 

Definition 2.1. A d-tuple of mutually commuting operators acting on 
a common Banach space B is said to be invertible if the sequence in 
(6) is exact. 
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One can immediately provide a definition of the spectrum of {ai,a2, 
■ ■ ■ ,ad)- 

Definition 2.2. Let a — (oi, 02, . . . , ad) be a d-tuple of mutually com- 
muting operators on a Banach space E. Then spec (a) is defined to he 
the set A = (Ai, A2, . . . , A^) € C'' where (ai — Ai, 02 — A2, . . . , ~ ^d) 

is not invertihle. 

We remark that in the case where 0? = 1, both Definition 2.1 and Def- 
inition 2.2 reduce to the usual definitions of invertibility and spectrum 
for single operators. 

If we restrict ourselves to the case where S is a Hilbert space ?i, and 
the (i-tuple (Ti,T2,... ,Trf) consists of mutually commuting bounded 
operators on 7i, then we can express homological features of (6) in 
terms of a single self-adjoint operator. Our presentation will follow 
Arvcson ([1]), but this idea appeared earlier in the work of such authors 
as Curto ([6]) and Vasilescu ([16]). 

Let Ti and (Ti, T2, . . . , T^) be as above, and lct{ei, 62, . . . , ed\ be our 
fixed orthonormal basis for C^. The space /\ has a natural inner 
product defined by 

{zi ^ Z2 ^ ■ ■ ■ ^ Zk.wi ^W2 f\ ■ ■ ■ ^ Wk) = dct{{zi, Wj))ij, Zi, Wi e C^. 

Hence the spaces Ek are tensor products of Hilbert spaces. Let /\ — 
0itez A C"^. Define E to be the direct sum of the Eh^s, i.e. 

E = ^Ek = n^/\C''. 
kei 

Let ci, C2, . . . , Cd be the operators on /\ C'' defined by 

Ci(zi A Z2 A ■ ■ ■ A Zk) ^ Ci A Zi A ■ ■ ■ A Zk, ZiEC^. 
We then define the linear operator d : E — > E to be the sum 

Ti ci + 7^2 ® c; H h r<i (g) 4. 

One then checks that the restriction of d to Ek is dk- One can now 
prove the following theorem (cf. [1]): 

Theorem 2.3. Let (Ti,T2, . . . , T^) be a d-tuple of mutually commut- 
ing operators on a common Hilbert space 7i. If d is the corresponding 
boundary operator, then (Ti,T2, . . . ,Td) is invertible iff d -\- d* is in- 
vertible. 
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The operator d -\- d* is called the Dirac operator corresponding to 
T2, ■ ■ ■ , Td). This idea of expressing the invcrtibility of a d-tuple in 
terms of a single operator suggests the following definition: 

Definition 2.4. A d-tuple of operators as in Theorem 2.3 is said to 
be Fredholm if the corresponding Dirac operator d + d* is Fredholm. 

Wc note that in the case where = 1, this definition corresponds to the 
usual definition of Fredholmness via an easy application of Atkinsons' 
equivalences (see [5], for example). 

The Fredholmness of a Dirac operator has an importance conse- 
quence with respect to the homology of the Koszul complex. This 
is expressed in the following theorem, which follows from the definition 
of (9 by a straightforward argument 

Theorem 2.5. A d-tuple (Ti,T2, . . . ,Td) is Fredholm iff the homology 

spaces ker (9A;/im(9fe+i are finite dimensional for all k ^Tj. 

Theorem 2.5 allows us to generalize the notion of index to Fredholm 
(i-tuples. Indeed, the index of a Fredholm d-tuple (Ti,T2,... ,Td) is 
defined to be the alternating sum of the dimensions of the homology 
spaces of the Koszul complex, i.e. 



Again, we note that this definition reduces to the usual definition of 
index when one takes d = 1. 

We now show that the d-tuple associated with the free Hilbert mod- 
ule Hj is Fredholm and we compute its homology. 

Theorem 2.6. The d-tuple {Si, 82, ■ ■ ■ , So) associated with iJj is Fred- 
holm. Furthermore, the extended sequence of maps 



A proof of the fact the {Si, S2, ■ ■ ■ , Sd) is Fredholm can be found in [1]. 
We will rely on this fact to prove the remainder of the theorem. 

Proof. Let k be an integer no less than 1. By Theorem 2.5, the space 
im dk+i has finite codimension in ker dk- It is a standard fact in operator 
theory that if the image of a bounded operator has finite codimension 
in a larger closed subspace, then the image is closed. Hence im c^^+i is 
a closed subspace of finite codimension in ker^^. We now show that 
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imdk+i — kerdk- To this end, let ^ e keidk. Then ^ can be written as 
follows: 



l<ii<j2<---<«fe<<i 

where ^^,12,.. a,, £ -f^J- Supposing for the moment that these ^h,i2,...,ik 
are homogeneous polynomials all of the same degree A^, then d^^ is 
in a similar form but with common degree + 1. It follows in the 
general case that if ^j"_j2_...^j^ is the nth degree homogeneous component 
oHh,i2,...,ik^ then 

C - ^h^,... ,iu ® e,, A A • • • A e,, G ker 9^. 

I<n<j2<---<jfc<ci 

By Corollary 17.5 in [7], e im9fe+i for each n, hence ^ = Z^^o ^ 
im5fc+i. 

We proceed to the case where /c = 0. By Theorem 3.1, the following 
row operator is a partial isometry with image G : ^(0) = 0}. 



d times 



(7) (^1^2 ••• Sa):Hj®.--®H',^Hl 

A generic element ( of Ei has the following form 

d 
k=l 

Hence di^ = Sk^k- It follows from (7) and the statement preced- 

ing it that im9i = ker9i/2- 

The surjectivity of di/2 is clear. □ 



Corollary 2.7. Let 



^ Eo > 



be the Koszul complex of {81,82, ■■■ ,8d)- Then its homology is as 
follows: 

kcr dk 

= 0, k>l 



im9i 
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ker do ^ 

^ C. 

imdi 

Corollary 2.8. Let {S[, S2, . . . , S'^) be the d-tuple associated with a 
free module T — <S> C with the following extended sequence of maps: 



• • • > El > tiQ > C > 0. 

Then for k > 1, ker dk = im9fe+i and ker do/ imdi = ker 9on(im9i)"'" = 
C. In other words imdk+i is closed in kerdk, and in the case where 
k = 1, the codimension of'midk+i in keidk is dimC. 

Naturally, our entire discussion on Koszul complexes of rf-tuples of 
operators can be rephrased in terms of ^d-modules. Indeed, one simply 
takes Ti to be the module defined by Zi^ = Ti^ for all ^ G 7Y. The spaces 
Ek are defined analogously, with dk E^ — > -Efe-i reexpressed as 



k 

dk{i ® Cj, A A ■ ■ ■ A e^J = ^ (-1)^+^2;^.^ ® e^, A • • • A . A • • • A e^,. 

Since Ad is a commutative algebra, the maps are module homo- 
morphisms. Hence the sequence (6) can be viewed as a complex of 
^d-modulcs. 

As summarized in Section 1, starting with a pure ^d-module Ti, by 
means of dilation theory one may construct a free resolution of Ti.: 

(8) j:^ ^ To n > 0, 

which is an exact sequence where the $i's are partial isometries and 
the ^j's are free modules of the form ifj ®Ci. One then "localizes" (8) 
to a point A e to obtain a complex of vector spaces: 



4-3(A) *2(A) #i(A) 
O2 Oi ^ Oo- 



The main result of this section is the following: 

Theorem 2.9. Let Ti. be a pure contractive Ad-module, and let 

(9) ^ j:^ ^ j:^ ^ u , 0. 

a free resolution ofTi. Localize at to obtain the following complex: 
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Let 



*3(0) *2(0) <I-l(0) 

> C2 > Ci > Co- 



— - — > E2 — - — ^ El — - — > Eq 







be the Koszul complex ofTi. Then for all k > 1, 

kerdk _ ker$fc(0) 



imdk+i im$fe+i(0)' 

Proof. In the course of this proof, we will use J-'^ and TC'' to denote, 
respectively, J-'i ® ® Since for any A;, A^ '^'^ is 

finite dimensional, tensoring the components of (9) by A^ preserves 
exactness. Hence the following sequence is exact: 



> J^i > 



0. 



For the sake of convenience, and since it will cause no confusion in 
what follows, we will denote maps of the form A <S) /\'' C'^ hy A ior 
any linear operator A on if J. Furthermore, unless otherwise stated, we 
shall use dk to denote any Koszul complex mapping M. (8) A'^ — ^ 

M ® A^'~' C'^- 

We claim that the following diagram commutes, and, with the ex- 
ception of the C* column, is exact on rows and columns. 



(10) 



d2 



82 



i+3 



l'i+2 



82 



di 



81 



i+1 



9i 







<I'>+3(0) 
9l/2 



*i+2(0) 



9i 



/2 



+1 



*<+i(0) 

9l/2 



*i(0) 
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First we check commutativity for the square 



dk -pk-1 



where i,A; > 1. This amounts to showing that 9^$,+! = Con- 
sider an element in T^j^-^ of the form 



(12) 



^ (g) A A • • • A e^^ , 



where ^ e ^j+i, 1 < ii < ^2 < • • • < ^a; < c?- Applying ^j+i and then 9^ 
to this gives us 



(13) 



^ (-l)^+^2;i^$i+i^ ® Ci, A • • • A e^. A • • • e^,. 



Since is a module homomorphism, the Zj^.'s commute with 
and the resulting expression 



^ (g, g.^ A • • • A e; . A • • • 

is the result of applying 9^ then to (12). Hence (11) is a commuting 
square. For the case of squares of the following form: 



(14) 



•r-O 



31/2 



we argue as follows. Let ^ G J^"_,_j^ = JFj+i. The result of evaluating at 
and then applying (0) results in 



^i+i(o)e(o) 

which is equivalent to ($j+i^)(0), which is the result of applying 
to ^ and then evaluating at 0. Hence (14) is a commuting square. 
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Before preceding we make the following observation: For each i > 0, 
we denote the quotient module Ti/^i+i{J-'i+i) by Tii. Note that by 
assumption Ti is naturally isomorphic to TIq. Let 

(15) ■■■^Hi^n^, .0 

be the Koszul complex for Tij. Fixing this i, we let 



(16) 



9'^ 



8'^ 







be the Koszul complex for 7ii+i. Note that since (10) commutes, the 
complexes (15) and (16) are induced by the maps of the Koszul com- 



plexes J-'- 



Tt and 



i+2 



respectively. This can be ex- 



pressed by saying that the following two diagrams commute: 



d2 



di 



52 



di 



0, 



^2 , -r-1 ^1 , -rO 

i+2 



+2 



i+2 



02 



1 ^1 -ttO 



j+1 



i+l 



d'4 



2 0/1 njQ 

^ ''-i+l 



i+l 
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We will use this fact to establish the following two claims: 
Claim 2.10. For k>2, 

Proof. Consider the following portion of (10), where k >2: 



•k+l ^k+i ^j. dk 



*<+2 




*<+2 








*i+2 

















(17) -r-fc+l ^fc+i , -r-fe Qfc , -r-fc-l ^^-i , ■rrk-2 



:k+l ^k+i Qfc ^fe-i ^fc-2 

j 



Let C e ker 9j[./im9j[._,_^. Choose a representative Co £ for C- By 
assumption, dkCo £ Choose ?7o G JF^^ such that $i+i77o = 

dkCo- By exactness of the bottom row of (17), dk-i^i+irjo = 0, hence 
dk-iVo £ ker Hence by the exactness of the last column in (17), rjo 
defines a homology class rj e ker (9^'_j^/im(9^'. We claim that this rj de- 
pends only on the choice of Indeed, due to exactness of rows in (17), 
a different choice of r/o corresponds to a perturbation by an element 
in the image of ^-^^2 under $j_|_2, which results in the new rjo being in 
the same homology class. A different choice of Co corresponds to a per- 
turbation by an element of dk+i{J^!^'^^) and an element of $j+i(J^j^j). 
The first of these is eliminated by the exactness of the bottom row 
of (17) and the way we defined 77. Due to the commutativity of the 
diagram, the second pertubation corresponds to a perturbation of rjo 
by an element of dk{J^f^i), which yield the same homology class 77. 

Conversely, if one begins with an element 77 e ker 9j^'_j/im9j^', for 
any representative 770 G T^^l there is an clement Co G such that 
•^fcCo = 'I'i+i^o- This implies that Co corresponds to a homology class C G 
ker c?^/imc?^_^^. We claim that this C depends only on 77. Indeed, by the 
exactness of the bottom row, a different choice of Co is a perturbation 
by an element in d^^xiT^^^)., which corresponds to the same homology 
class C- A different choice of t^o corresponds to a perturbation by an 
element in $j+2(jFj^^) or in d^iT^j^^. In the first case, the perturbation 
is annihilated by the time that we get to J-^~^- In the second case, the 
commutativity of the diagram implies that the resulting perturbation 
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of Co is an element in and hence the homology class ( is the 

same. 

Clearly the above maps are inverses of each other, and hence we have 
the desired isomorphism. 

□ 



Claim 2.11. 



keicd[ ^ ker$i+i(0) 



im9^ im$i+2(0)' 
Proof. As in Claim 2.10, we focus on a piece of (10): 



i+2 



d2 



-pi 



*i+2 



l'i+2 



-r-0 

i+2 



/2 



*i+2(0) 



(18) 



<+i 



d2 



+1 







*i4 



92 



di 



J"? 



*i+i(0) 

^1/2 



0. 



Let C be an clement in kcr d'i/iTad'2, let Co be a representative of ( in 
J^/. Then 5iCo *^'i+i(-^°+i) by assumption. Choose rj G such 
that ^i+iT) = diCo, and then let Xq = r){0) G Cj+i. By the way in which 
Xq was defined and by the commutativity of (18), Xq G ker$j^.i(0). 
Now let x be the homology class of Xq in ker $j+i(0)/im$j+2(0). We 
claim that this x depends only on (. First, by exactness, a different 
choice of rj corresponds to a perturbation by an element in ^i^2{^i+2)- 
By the commutativity of (18), this corresponds to a perturbation by 
Xo by an element in $j+2(0)(Ci+2)- which leaves x unaltered. By the 
exactness of rows, any perturbation of Co by an element of d2{J-f) or 
$j_i_i(.7-'/_,_i) is annihilated by the time one gets to xq G Cj+i. 

Conversely, suppose that one starts with an element x G ker $j_)_i(0)/ 
im$j_|_2(0). Choose a representative Xq G ker$j+i(0) for x. Let rjo be 
a preimage of Xq in J-'i_^i. By the commutativity of (18), there exists 
Co £ such that di(o = <l>j+i?7o. Hence this Co is part of a homology 
class C G ker9i/imc?2. We claim that C depends only on the choice 
of X. Indeed, by the exactness of the middle row in (18), a different 
choice of 770 G J'i+i corresponds to a perturbation by an element in 
di{J-'l^i). By the commutativity of (18), this corresponds to a pertur- 
bation of Co by an element of $i+i(jFjYi), yielding the same homology 
class C- A different choice of Co so that c?iCo = ^i+iVo corresponds, by 
exactness of the bottom row of (18), to a perturbation by an element 
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in d2{Tf) which obviously yields the same homology class 77. Finally, 
a different choice of xq corresponds to a perturbation by an element 
in $4+2(0) (Cj+2)- By the exactness of the top row and second to last 
column of (18), one sees that this perturbation is annihilated by the 
time one arrives at J^. 

Clearly the above two maps are inverses of each other. Hence the 
desired isomorphism is established. 

□ 

We can now establish the statement of the theorem. Labeling more 
explicitly now, we let 



■ ■ ■ n] ^0 ^ 

be the Koszul complex of Tij. For k >2, Claim 2.10 yields the following 
sequence of isomorphisms: 



We then use Claim 2.11 to finish off the sequence: 



(20) ker9f-i ^ ker$,(0) 



imdt' im$fc+i(0)' 
Together, (19) and (20) establish the statement of the theorem. 

□ 

Our goal is to describe the homology of the localized complex 



*3(A) ^ $2 (A) $i(A) 

for an arbitrary A e Bd- We will attain this goal in Section 4, but we 
need some machinery first. This is the subject of the next section. 

3. The Mobius Transform 

In this section we define the notion of a Mobius transform of a pure 
contractive Ad-T^odule. We begin by summarizing the main properties 
of Mobius transforms on the unit ball in C''. For a more detailed 
exposition, we refer the reader to [13]. Recall that a Mobius transform 
on the unit ball in C'' is a continuous bijection ip : Bd — > Bd which 
satisfies the following (somewhat redundant) properties: 

1. (f is holomorphic in Bd- 

2. <f{Bd) = Bd. 
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3. ifidBa) = dBa. 
Let X E Bd, and define cpx as follows: 



(21) 



= Ai, . . 



1 - Sfe=l '^fe^fc 

or in "vector notation" , 



1 - Ylk=i ^kZk 



Pca(^-A)-(1-|AP)PcV 
1-(^,A) 



where P^x is the orthogonal projection onto the one- dimensional sub- 
space CA C C"'. Some calculations reveal that ip\ is a Mobius transform 
and that ^p\{X) — 0. It is a striking fact that any Mobius transform (/? 
can be written in the form u o tpx, where -u is a unitary operator on 
and A = (/9^^(0). This fact allows us to find a useful formula for the 
expression {if{w),ip{z)), where z,w & B^. Calculating this first for the 
case where = Lpx, we obtain the following identity: 

/ / X / ^^ (1 - - {Z,W)) 

(22) MM) = 1 - (L(i,J^(i-(;,A)) - ^ 

Consequently, for any Mobius transform (f with A = (f~^{0), {(p{w), (fi{z)) 
is also given by (22). 

The following theorem unveils the role that is played by Mobius 
transforms in the theory of free contractive ^(^-modules. 

Theorem 3.1. Let tp^ , ip^ , . . . , ip'^ he the coordinates of the Mobius 

■ to be left multi- 



d times 



transform </?. Define the map $ : ® • • • 
plication by the row vector {(p^ ■ ■ ■ p)'^), i.e. 



\^d) 



k=l 



Then ^ is a partially isometric module homomorphism with range e 

Proof. It is obvious that $ is a module homomorphism. To show that 
it is partially isometric with the stated range, it suffices to show that 
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for any w,z e B^. The sufficiency of this condition follows from the 
fact that the set of all /c^'s forms a spanning set of Hj. 

We compute the left side of (3). Using (1), (2), and formula (22), 
we have 



(23) 1 (^i^)M^')} 



1 — {z,w) 1 — {z, w) 
1 ^ 1-|AP 



l-{z,w) l-{z,w) {l-{X,w)){l-{z,\)) 



1- lA 



2 



(1-(A,^))(1-(^,A))- 

We compute the right side of (3) as follows: 
(24) (Pa^.,M = %#(A:a,^.^- 



\k,r ' ' ' {i-{x,w)){i-{z,x)y 

which is identical to (23), hence we have established (3). 



□ 



We are now in a position to define a Mobius transform of if J. 

Definition 3.2. Let tp he a Mobius transform. We define {H'^)tp to be 
the Ad-module whose underlying Hilbert space is and whose Ad is 
given by Zi- ^ = (p^^ for any ^ e ifj and i — 1,2, . . . ,d, where is the 
ith coordinate function of(f. 

Theorem 3.3. Let ip he a Mobius transform. Then {H^)ip is a pure 
contractive Ad-module. Furthermore, if we set A = (p~^{0), then the 
map : — >• {H'^)ip defined by U^^ = (^ o '^-'ittll ^ unitary 
module isomorphism. 

Proof. Let ($i,$2,--- , $d) be the d-tuple such that $i G ^{H^) is 
multiphcation by pf-. By conditions (1), (2), and (3), to prove the first 
part of the theorem it suffices to show that the following two conditions 
on {^1,^2,- ■■ ,^d) hold. 



1- Eti < 1- 



2. WOT - fim„_,oo ■ ■ ■ ■ ■ $i ■ ■ ■ = 0. 

The first condition (1) follows from Theorem 3.1, since the row operator 
($1, $2, ■ ■ ■ ) ^d) is a partial isometry. For the second condition (2), we 
apply the stated limit to the linear functional {{•)kz, ku,)' 
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(25) 

d 

lim V • • • ^i^^l ■ ■ ■ K) = lim ((^a(w), ifxiz))"" {k„ K) . 

41,12,. .. ,in 

where we make use of (2). By property (2) of the classical Mobius 
transform, | {ipx{w),ipx{z)) \ < 1. Hence the limit in (25) tends to 0. 
Since the set of all kz form a spanning set for if J, and since the sums 
12 in ■ ■ ■ ^in^in ' "^ii uniformly bounded over n, it follows 
that condition (2) is valid. 

For the next statement in the proof, recall that by Theorem 1.3 there 
exists a minimal dilation : Hj^V — > {H^)^. Let (S'J, 5*2, . . . ,5*^) 
be the d-tuple associated with Hj^V. By Theorem 3.1 XlLi ^'k^'k* is 
the projection onto {ko V)-^ ^{^ e Hj^V : {(0) = 0}. Since is 
a coisometric module homomorphism, we have the following equation: 
Let Pq be the orthogonal projection onto the space kQ®T>. 



(26) u^p'.ui = u^{i - J2 sX*)u; ^i-Y, ^i^l = Px 

k=l k=l 

Theorem 3.1. Hence PqU* is a rank one operator, and by the minimality 
condition on U^, the submodule generated by the image this operator 
must he Hl®V. It follows that dimD = 1, hence we may view U^p as 
a map ifj — > {Hf)^. The equation in (26) also implies that U^Pq is a 
partial isometry with support Cfco and image C/ca- Hence we may set 
U^l = -p^. The equation U^^ = (^ o '^-''ptll follows since is a 
module homomorphism. 

To complete the proof, it suffices to show that ker t/^ = {0}. To this 
end, let ^ e ifj, and suppose that (^ o <^)-p^ = 0. Since A;a(-2^)/||^a|| = 

Y^l^^^l is never on Bd, we must have ^{(p{z)) for all z G Bd- Hence 
^{z) = for all z e Bd since (p is bijective on B^,. Hence ^ = 0. □ 

The following corollary shows how a Mobius transform provides a 
means of "changing the base point" from to A e 5^ when considering 
the module if J. 

Corollary 3.4. Let (p be a Mobius transform and let A = <^~^(0). 
Then U^{ko}^ = {kx}^. 

Proof. This is obvious from the definition of U^. 

□ 
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To conclude this section, we demonstrate an "ergodicity" property 
of the set of Mobius transforms. 

Theorem 3.5. Let Ai he a proper non-trivial closed suhmodule of H^. 
Then there exists ^ e Al and a Mobius transform (p such that U^^ ^ 
M. 

Proof. Since is a proper closed submodule, it cannot contain k^. 
Hence 

M = sup{|(e,A:o)hllell = l, eeAl}<l. 
By Theorem 3.2 in [8], there exists A e -B^ such that 

(27) > ^■ 

An explicit calculation involving (21) shows that 



where rt is a unitary operator on C^. Hence by the definition of C/„, 
U^_JJip^ ~ Uu- Hence U*^ = Uu*U^_^- Therefore by our assumption 
that A4 is invariant under Mobius transforms, it follows that 

(28) sup{| {U;^^, ko) I : m\ = 1, e e -M} < M. 

By definition, U^.ko = Hence by (28), | ^C, ^) | < M for all 

C & M such that 11^ II = 1. But this imphes that 



{Pjukxl 



< M, 



which contradicts (27). 



□ 

4. The homology of localized free resolutions 

In this section we use the machinery developed in Section 3 to extend 
Theorem 2.9. We first generalize Definition 3.2. 

Definition 4.1. Let Ti. be a pure contractive Ad-niodule, and let ip he 
a Mobius transform. We define the Mobius transform ofTi by ip to be 
the module (Ti.)^ with underlying Hilbert space Ti and Ad action defined 
byZi-C^ip'{T,,T2,...,Td)Uor all ^ e and i ^ 1,2, ... ,d. 
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Theorem 4.2. Let Ti. be a pure contractive Ad-module, and let (p be a 
Mobius transform. Then (7i)<p is contractive and pure. 

Proof. LetV : Hj^V — ^ be a dilation of H. From Definition 3.2, 

we see that V is also a module homomorphism as a map from (H^)^^T) 
onto (7i)<^. Precomposing V with U^p ® It> gives a coisometric module 
homomorphism V : ifj ® V — > {'H)ip. Hence (7Y)^ is isomorphic to 
the quotient of a free module, whence it is pure and contractive. □ 

The main result of this section is the following: 

Theorem 4.3. Let 7i be a pure contractive Ad-module, and let (p be a 
Mobius transform with A = ip~^{0). Let 

■■■ — ^ E2 — ^ El — ^ Eo > 

be the Koszul complex of {H)^, and let 

(29) ...^C^Ci^Co 

be the localization at X of a free resolution ofTi. Then for k > 1, 

ker(9^ _ kcr$fc(A) 
ima^_^i im$fe+i(A)' 

Proof. Let 

(30) Hj^Ci Hj^Co ^ n . 

be the free resolution of Ti from which (29) is derived. Since $j is 
a module homomorphism it follows that for i > 0, (p^^i = ^i(p^ for 
j — 1,2, ... ,d. Hence we may view (30) as an exact sequence of 
Mobius transformed modules: 



3>2 



0. 



For i > 1 let $^ = U*^iUip. Then we have the following partial isomor- 
phism of complexes: 



$2 



Ci 



-> 



H 
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Since two isomorphic complexes have isomorphic homologies, there is 
a coisometric homomorphism $q : (g) Cq — > {'H)ip which make the 
following sequence exact: 

• • • Hi (g) Ci Hi ® Co (n)^ > 0. 

This is obviously a free resolution for (Ti.)^, hence Theorem 2.9 implies 
that 

kerdj ^ ker$UO) 

for A; > 1. We now compute $^(0) for i > 1. Let rj & Ci and r]' e C^+i. 
Then 



Since rj and ?]' were arbitrary, $^(0) = $i(A) for each i > 1. The 
conclusion of the theorem now follows. □ 
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